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Abstract. We prove many cases of a conjecture of Buzzard, Diamond and 
Jarvis on the possible weights of mod p Hilbert modular forms, by making use 
of modularity lifting theorems and computations in p-adic Hodge theory. 
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1. Introduction 

If a representation 

p:GQ^GL2(Fp) 

is continuous, odd, and irreducible, then a conjecture of Serre (now a theorem of 
Khare-Wintenberger and Kisin) predicts that p is modular. More precisely, Serre 
predicted a minimal weight k(j)) and a minimal level N{j)) for a modular form 
giving rise to p. 

It is natural to try to extend these results to totally real fields F. The natural 
generalisation of Serre's conjecture is to conjecture that if 

p : Gf ^ GL2(Fp) 

is continuous, irreducible and totally odd, then it is modular (in the sense that it 
arises from a Hilbert modular form) . It is straightforward to generalise the definition 
of N(j)) to this setting, and there has been much progress on "level-lowering" for 
Hilbert modular forms. It is, however, much harder to generalise the definition of 
A;(p). For example, there is no longer a total ordering on the weights, and the p-adic 
Hodge theory is much more complicated than in the classical case. 

Suppose that p is unramified in F. Recently (see [BDJ05] ). Buzzard, Diamond 
and Jarvis have proposed a conjectural set W(j)) of weights attached to p, from 
which in the classical case one can deduce the weight part of Serre's conjecture (see 
[BDJ05| for more details). In this paper we prove many cases of a closely related 
conjecture (we work with a definite, rather than indefinite quaternion algebra; as 
we discuss below, it should be straightforward to prove the corresponding results in 
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the setting of |BDJ05| ). To be precise, a weight is an irreducible Fp-representation 
of GL2{Of /p), and such a representation factors as a tensor product 

where a, b are [ky : Fp]-tuples indexed by embeddings r : /c„ ^ Fp, and < Ct < 
p — 1, 1 < &T- < p. Then we say that a weight is regular if in fact 2 < br < p — 2 
for all T. Our main theorem requires a technical condition which we prefer to state 
later, that of a weight being partially ordinary of type / for p, / a set of places of 
F dividing p; see section [2] Note that generically a weight is non-ordinary (that is 
to say, it is partially ordinary of type 0). 

Theorem. Suppose thafp is modular, thatp > 2, and that'p{G p(^i^^^) is irreducible. 
Then if a is a regular weight and p is modular of weight a then a G Con- 
versely, if a ^ W{j}) and a is non- ordinary for p, then p is modular of weight a. If 
a is partially ordinary of type I for p and p has a partially ordinary modular lift of 
type I then p is modular of weight <t. 

Before we discuss the proof, we make some remarks about the assumptions in 
the theorem. The assumption that p is modular is essential to our methods. The 
assumption that p>2 seems to be crucial, as at present 2-adic Hodge theory is not 
available in sufficient generality. The assumption that 'p\cp^i^^^ is irreducible, and 
the assumption on partial ordinarity, are needed in order to apply R = T theorems. 

The main idea of our proof is the same as that for our proof of a companion forms 
theorem for totally real fields (see |Gee07| ). namely that we use a lifting theorem to 
construct lifts of p satisfying certain local properties at places v\p, and then use a 
modularity lifting theorem of Kisin to prove that these representations are modular. 
In fact, Kisin's theorem is not general enough for our applications, and we need 
to use the main theorem of |Gee06j . The arguments are much more complicated 
than those in [Gee07| because we need to construct liftings with more delicate local 
properties; rather than just considering ordinary lifts, we must consider potentially 
Barsotti-Tate lifts of specified type. 

The other complication which intervenes is that the connection between being 
modular of a certain weight and having a lift of a certain type is rather subtle, 
and this is the reason for our hypothesis that the weight be regular. One needs to 
consider many liftings for each weight, and we have only obtained the necessary 
combinatorial results in the case where the weight is regular. However, while these 
results appear to hold for most non-regular weights, there are cases where they do 
not hold, so it seems that it is not possible to give a general proof that the list of 
weights is correct by simply considering the types of potentially Barsotti-Tate lifts. 
It is possible to give a complete proof in the case where p splits completely in F, 
and we do this in |Gee08| . 

We now outline the structure of the paper. Rather than working with the "geo- 
metric" conventions of [BDJ05| . we prefer to work with more "arithmetic" ones. 
In particular, we normalise the isomorphism of local class field theory so that a 
uniformiser corresponds to an arithmetic Frobenius element, and we work with au- 
tomorphic forms on definite quaternion algebras. We set out our conventions in 
section [21 and we state the appropriate reformulation of the conjectures of [BDJ05| 
here. In section[3]we carry out the required local analysis in the case where the local 
representation is reducible. Sections 13.11 and 13.21 use Breuil modules and strongly 
divisible modules to determine when reducible representations arise as the generic 
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fibres of certain finite flat group schemes. In section [33] we relate these finite flat 
group schemes to certain crystalline representations considered in [BDJ05| , and in 
section 13.51 we prove the necessary combinatorial results relating types and regular 
weights. 

We then repeat this analysis in the irreducible case in section |4l and finally in 
section [5] we combine these results with the lifting theorems mentioned above to 
deduce our main results. Firstly, we use our local results to show that if p is modular 
of weight (T with a regular, then a G Wiji). For each regular weight a € we 
then produce a modular lift of p which is potentially Barsotti-Tate of a specific 
type, so that p must be modular of some weight occurring in the mod p reduction 
of this type. We then check that cr is the only element of W{'p) occurring in this 
reduction, so that p is modular of weight a, as required. In fact, we do not quite 
do this; the combinatorics is slightly more involved, and we are forced to make use 
of a notion of a "weakly regular" weight. See section O for the details. 

It is a pleasure to thank Fred Diamond for numerous helpful discussions regarding 
this work; without his patient advice this paper could never have been written. We 
would like to thank David Savitt for pointing out several errors and omissions in 
an earlier version of this paper, and for writing [SavOSj . We would also like to 
thank Florian Herzig for pointing out an inconsistency between our conventions 
and those of [BDJ05| , which led to the writing of section [21 We are extremely 
grateful to Xavier Caruso and Christophe Breuil for their many helpful comments 
and corrections; in particular, the material in section [3.41 owes a considerable debt 
to Caruso's efforts to correct a number of misunderstandings and inaccuracies, and 
the proof of Lemma [3.3.21 is based on an argument of his. We would also like to 
that the anonymous referee for a careful reading, and for pointing out a number of 
serious errors in an earlier version of the paper. 

2. Definitions 

2.1. Rather than use the conventions of [BP J05| . we choose to state a closely re- 
lated variant of their conjectures by working on totally definite quaternion algebras. 
This formulation is more suited to applications to modularity lifting theorems, and 
indeed to the application of modularity lifting theorems to proving cases of the 
conjecture. 

We begin by recalling some standard facts from the theory of quaternionic mod- 
ular forms; see either |Tay06| , section 3 of [Kis08a| or section 2 of [KisOSbJ for more 
details, and in particular the proofs of the results claimed below. We will follow 
Kisin's approach closely. Let F be a totally real field in which p is unramified, 
and let D be a quaternion algebra with center F which is ramified at all infinite 
places of F and at a set S of finite places, which contains no places above p. Fix 
a maximal order Od oi D and for each finite place t; ^ E fix an isomorphism 
{Od)v — M2{Of^)- For any finite place v let tt^ denote a uniformiser of Fy. 

Lett/ — Y\yUv<z{D®F^F)^ be a compact subgroup, with each [/„ C (O/j)^ . 
Furthermore, assume that — {Od)v for a-U w e E, and that — GL2{OfJ) if 
v\p. 

Take A a topological Zp-algebra. For each v\p, fix a continuous representation 
(T„ : — > Aut(WCT„) with W^,, a finite free A-module. Write = ®v\p,AWa^ and 
let tr = ritiip "'f ■ We regard cr as a representation of U in the obvious way (that is, 
we let Uy act trivially iiv\p). Fix also a character if) : (Ap)^ /F'^' such that 
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for any place v of F, is multiplication by ?/' ^- Then we can think of 

as a J7(A;^)^ -module by letting (A;^)^ act via 

Let Sa-,-,p{U, A) denote the set of continuous functions 

such that for all g G {D ®f A;^)^ we have 

f{gu) = a{u)-^f{g) for aU u e U, 

/(gz)=VW/(.9)forallze(A^)\ 

We can write {D ®p Ap)^ — Yiiei -^'^^''■^(^f)^ ^'^^ some finite index set / and 
some ti & {D ®p Ap)^ . Then we have 

the isomorphism being given by the direct sum of the maps / t— > {fiU)}. From 
now on we make the following assumption: 

For all t e (L>®F A^)"" the group ([/(A^)"" r\t-^ D^'t) / F"" = 1. 

One can always replace [/ by a subgroup (obeying the assumptions above) for 
which this holds (c.f. section 3.1.1 of |Kis07| ). Under this assumption, which we 
make from now on, S(j^^{U^ A) is a finite projective A- module, and the functor 
Wa ^ Sa,ip{U,A) is exact in W^. 

We now define some Hecke algebras. Let S' be a set of finite places containing E, 
the places dividing p, and the primes of F such that 11^, is not a maximal compact 
subgroup of . Let Tg."Jj^ — A[Ty\,^g be the commutative polynomial ring in 

the formal variables Ty. Consider the left action of {D ®f A;^)^ on W^cr- valued 
functions on {D ®f Ap)^ given by {gf){z) = f{zg). For each finite place u of F 
we fix a uniformiser tt^ of F^. Then we make Sa,Tij{U,A) a T™j^'-module by letting 
Ty act via the double coset C/(^q^' i)U. These are independent of the choices of tt^. 
We will write T„,^(t/, A) or Ta,i,{U) for the image of in End5'^,^(C/, A). 

Let m be a maximal ideal of T™^^'. We say that m is in the support of (<t, "0) 
if Sa^^{U,A)m ^ 0. Now let O be the ring of integers in Q^, with residue field 
F = Fp, and suppose that A = O in the above discussion, and that cr has open 
kernel. Consider a maximal ideal m C T™q which is induced by a maximal ideal of 
Tct,^(C/, O). Then there is a semisimple Galois representation : Gf GL2(F) 
associated to m which is characterised up to equivalence by the property that if 
V ^ S and Frob„ is an arithmetic Frobenius at v, then the trace of Pfj,(Frob„) is the 
image of Ty in F. 

We are now in a position to define what it means for a Galois representation to 
be modular of some weight. Let Fy have ring of integers Oy and residue field ky, 
and let a be an irreducible Fp-representation of G :— Y[y\p GL2(fc^). We also denote 
by (T the representation of Yly\p GL2{Oy) induced by the surjections Oy ky. 

Definition 2.1.1. We say that an irreducible representation p : Gf ^ GL2(Fp) is 
modular of weight a if for some D, S, U, ip, and m as above we have Sa.ii){U, F)m 7^ 
and ® Fp = p. 

We now show how one can gain information about the weights associated to a 
particular Galois representation by considering lifts to characteristic zero. 
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Lemma 2.1.2. Let : F^\{Af)^ — > be a continuous character, and write 
tp for the composite of ^ with the projection —>■ F^. Fix a representation a 
on a finite free O-module Wa which corresponds as above to a choice of Galois 
type for each v\p, and an irreducible representation a' on a finite free ¥ -module 
Wcr' ■ Suppose that for each v\p we have a\jj ^^^x — and — 

Let m be a maximal ideal of either T™^" or T^™^ . 

Suppose that Wa' occurs as a Ylv\p U-u-module subquotient of W-a := (S> F. // 
m is in the support of (cr', then m is in the support of (tr, ip)- 

Conversely, if m is in the support of (a,ip), then m is in the support of {a','ip) 
for some irreducible Y[v\p U^-module subquotient W^' of W^-. 

Proof. The first part is proved just as in Lemma 3.1.4 of |Kis08a| . and the second 
part follows from Proposition 1.2.3 of [AS86| . □ 

We note a special case of this result, relating the existence of potentially Barsotti- 
Tate lifts of a particular tame type to information about Serre weights. Firstly, we 
recall some particular representations of GL2 ) . For any pair of distinct characters 
Xi, X2 ■ ^ we let L{xi,X2) denote the irreducible {q + l)-dimensional Qp- 
representation of GL2(A;t,) induced from the character of B (the upper triangular 
matrices in Gh2{ky)) given by 

We let crxi,x2 denote the representation of GL2(fcu) on an O-lattice in /(XI7X2); 
we also regard this as a representation of GL2(C't,) via the natural projection. Let 
t((7^j ,^2) be the inertial type xi ® Xi (regarded as a representation of Lp^ via class 
field theory, normalised so that a uniformiser corresponds to a geometric Frobenius 
element). 

Let k'^ be the quadratic extension of k^. For any character d : k'^ 
which does not factor through the norm k'^ ^ k^ , there is an irreducible {q — 1)- 
dimensional cuspidal representation 9(6') of GL2(fc) (see Section 1 of |Dia05| for 
the definition of Q{0)). Let (7e(e) denote the representation of GL2(fc„) on an O- 
lattice in 8(6'); we also regard this as a representation of GL2{Ov) via the natural 
projection. Let q^ be the cardinality of Ky, and let r(<T0(e)) be the inertial type 
6 6'^^ (again regarded as a representation of Lp^ via class field theory) . 

Lemma 2.1.3. For each v\p, fix a representation of the type just considered 
(that is, isomorphic to cr-^i.x2 or to aQ^g-j). Let r„ ~ T{ay) be the corresponding 
inertial type. Suppose that p is modular of weight a, and that a is a Y[v\p GL2(fct,)- 
subquotient of (E)v\pO'v "Xio ^- Then p lifts to a modular Galois representation which 
is potentially Barsotti-Tate of type Ty for each v\p. 

Conversely, suppose that p lifts to a modular Galois representation which is po- 
tentially Barsotti-Tate of type r„ for each v\p. Then p is modular of weight a for 
some Ylv\p Glj2{kv)- subquotient a of ®y\pay ®o IF. 

Proof. This follows from Lemma l2.1.2[ the Jacquet-Langlands correspondence, and 
the compatibility of the local and global Langlands correspondences at places di- 
viding p (see jKisOSbj ). 

□ 
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We now state a conjecture on Serre weights, following [BP J05| . Note that our 
conjecture is only valid for regular weights; there are some additional complications 
when dealing with non-regular weights. Let p : Gp GL2(Fp) be modular. We 
propose a conjectural set of regular weights W{'p) for p. Our formulation follows 
that of |BDJ05| . 

In fact, for each place v\p we propose a set of weights W{'p\gf^ ), and we define 

WCp) := {(g)^ipa^\a^ € W{p\gfJ}. 

Let Sv be the set of embeddings /c„ ^ Fp. A weight for GL2(A;^) is an iso- 
morphism class of irreducible Fp-representations of GL2(fc^), which automatically 
contains one of the form 



ires, det"-^ Sym''--^ ®^ F. 



with < Ur < p — 1 and 1 < for < P for each t Sy. We demand further that some 
flr < p — 1, in which case the representations cr-g are pairwise non-isomorphic. 

Definition 2.1.4. We say that a weight cr- j is regular ii 2 < < p — 2 for all t. 

We say that it is weakly regular ii I < < p — 1 for all r. 

For each t G Sy we have the fundamental character lOt of Ip^ given by composing 
r with the homomorphism Ip^ — > k^ given by local class field theory, normalised so 
that uniformisers correspond to geometric Frobenius elements. Let k'^ denote the 
quadratic extension of k^. Let S'^ denote the set of embeddings a : k'^ ^ ¥p, and 
let ujcr denote the fundamental character corresponding to a. 

Suppose firstly that p|gf„ irreducible. There is a natural 2 — 1 map n : S'^ ^ Sy 
given by restriction to ky, and we say that a subset J C S'y is a full subset if 
|J| = |7r(J)| = l^^l. Then we have 

Definition 2.1.5. Let cr^. g be a regular weight for GL2{ky). Then cr^^^^ 1^(pIgf„ ) 
if and only if there exists a full subset J (Z S'y such that 




n 





UJrr 



Suppose now that p|gf„ reducible, say p|gf„ ~ -Iq)- define the set 
^(pIgf„ ) in two stages. Firstly, define a set W{j)\qp^ )' of regular weights as follows. 

Definition 2.1.6. A regular weight cr^g G W^(p|gf„)' if and only if there exists 

J (ZSy such that Vi|/f„ = Wras. IlreJ V2|/f„ = nres„ rir^j ^^ 

We say that cr- g S W^(p|gf„ )' i^ ordinary for p if furthermore J = Sy or J = 

Suppose that we have a regular weight cr- g G VI^(p|gf„)' and a corresponding 

subset J C Sy. We now define crystalline hfts ipi, ip2 of ipi, ip2- If V' is a crystalline 
character of Gp^ and t : Fy ^ Qp we say that the Hodge- Tate weight of tp with 
respect to r is the i for which gr^' {{i/j BdR)'^"- '^%(S>Qj,F.,i^r%) ^ 0- Then we 

demand that for some Frobenius element Frobp of G'f„ , V'i(Frobp) is the Teichmiiller 
lift of ipi(Frohp), and that: 

• tpi is crystalline, and the Hodge- Tate weight of tpi with respect to r is 
Or + for if T G J, and a,- if r ^ J. 
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• ip2 is crystalline, and the Hodge- Tate weight of ?/'2 with respect to r is 
Or + 6r if T ^ J, and a^- if t G J. 

The existence and uniqueness of ^/ji, ^02 is straightforward (see |BDJ05| ). Then we 
have 

Definition 2.1.7. cr^. G W^(p|gf„) if ^-^id only if p|gf„ has a lift to a crystalline 
representation {^"^^ ~ ). 



For future reference, we say that a weight a is /-ordinary for p if / is the set of 
places v\p for which Uy is ordinary for p. We say that p has an /-ordinary modular 
lift if it has a potentially Barsotti-Tate modular lift which is potentially ordinary 
at precisely the places in /. 

2.2. Relation to the Buzzard-Diamond-Jarvis conjecture. Our conjectured 
sets of regular weights are exactly the same as the regular weights predicted in 
[BDJ05| . However, they work with indefinite quaternion algebras rather than the 
definite ones of this paper, and in the absence of a mod p Jacquet-Langlands corre- 
spondence our results do not automatically prove cases of their conjectures. That 
said, our arguments are for the most part purely local, with the only global input 
being in characteristic zero, where one does have a Jacquet-Langlands correspo- 
nence. In particular, given the analogue of Lemma [2. 1.21 in the setting of |BDJ05| . 
which we anticipate will be present in the final version of that paper, our arguments 
will go over unchanged to their setting. 



3.1. Breuil Modules. Let p > 2 be prime, let fc be a finite extension of Fp, let 
= M^(A:)[l/p], and let K he a, finite Galois totally tamely ramified extension of 
/Co, of degree e. Assume that there is a uniformiser tt of Ok such that tt"^ g M, 
where M is a subfield of /Cq, and fix such a tt. Since K/M is tamely ramified, the 
category of Breuil modules with coefficients and descent data is easy to describe 
(see |Sav08| ). Let A: S [2, p — 1] be an integer. Let E he a. finite extension of Fp. 
The category BrMod^^]^^ consists of quintuples (A^, A^/j_i, A^) where: 

• is a finitely generated {k /?)[u]/u'^^-module, free over k[u]/u'^P. 

• Mk-i is a {k (gipp £')[it]/M'^''-submodule of M containing u'^^^~^'>M. 

• 4>k~i ■ Mk-i — > is /^-linear and 0-semilinear (where (j> : k[u]/u'^P 

is the p-th power map) with image generating as a (fc 
E)[u]/u'^P -module. 

• N : A4 ~* is {k (^r /?)-linear and satisfies N{ux) — uN{x) — ux for 
ah xeM, u^NiMk-ifc Mk-i, and ^ik-iiu" N{x)) = N{(t>k-i{x)) for aU 
X e Mk-i- 

• g : M ^ M. are additive bijections for each g G Gal{K/M), preserving 
M.k-1, commuting with the (p-, E-, and A^-actions, and satisfying gi o g2 = 
gi'o~g2 for 9i,92 G Ga\{K/M), and 1 is the identity. Furthermore, if 
a G fc (8)Fp E, m £ M then g{au^m) = g{a){{g{iT) /ttY ® \)u^g{m). 

We will omit the M from the notation in the case M = Kq. We write BrMod^d.A/ = 
BrMod^^jjj. The category BTModdd,M is equivalent to the category of finite flat 
group schemes over Ok together with an /i'-action and descent data on the generic 
fibre from K to M (this equivalence depends on tt). In this case it follows from the 
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other axioms that there is always a unique N with the required properties, and we 
wiU frequently omit the details of this operator when we are working in the case 
k = 2. In section [nH] we will also use the case k ~ p — 2, and here we will make the 
operators N explicit. 

We choose in this paper (except in section 13. 4p to adopt the conventions of 
[BM02| and [Sav05| . rather than those of [BCDTOlj : thus rather than working 
with the usual contravariant equivalence of categories, we work with a covariant 
version of it, so that our formulae for generic fibres will differ by duality and a 
twist from those following the conventions of [BCDTOl] . To be precise, we obtain 
the associated Gi-represcntation (which we will refer to as the generic fibre) of an 
object of BrModcfrf via the functor T^f2- 

Let p : Gkq GL2{E) be a continuous representation. We assume from now 
on that E contains k. Suppose for the rest of this section that p is reducible but 
not scalar, say p ~ {^01^2)' ^^-^ ~ {~P)^^^^ where r = [k : ¥p], and fix 
K = ifo(7r), so that tt is a uniformiser of Ok, the ring of integers of K. By class 
field theory ,tp2\,j^ are trivial. 

We fix some general notation for elements of BrModdd- Let S denote the set 
of embeddings t : k ^ E. We have an isomorphism k (g)Fp E (BsEt, where 
Et- k®k^rE, and we let e,- denote the idempotent corresponding to the embedding 
r. Then any element of BrModdrf can be decomposed into £'[it]/M'^^-modules 
erM, t e S, so that g : M'^ ^ M'' , and cjji : Ml M''°'^~\ We now 
write S — {ri, . . . ,Tr}, numbered so that t^+i — Ti o where we identify t^+i 
with Ti. In fact, it will often be useful to consider the indexing set of S to be Z/rZ, 
and we will do so without further comment. 

Fix J C S. We wish to single out particular representations p depending on 
J. Firstly, we need some notation. Recall that (as in appendix B of |CDT99| ) if 
p' '■ Gko ^ GL2{Ol) is potentially Barsotti-Tate, where L is a finite extension of 
W{E)[l/p\, then there is a Weil-Deligne representation WD{p') : Wko -> GL2(Qp), 
and we say that p' has type WD{p')\ij^^ . 

Definition 3.1.1. We say that p has a lift of type J if there is a representation 
p' ■ Gko GL2(Ol) hfting p, where L is a finite extension of such that 

p' becomes Barsotti-Tate over K, with det p' equal to the Teichmiiller lift of 
det p (with e denoting the cyclotomic character) and t{p') ~ '^i\iko Hrej'^T^® 
■02|/ko Y\t(^j^t^ ■ Here a tilde denotes the Teichmiiller lift. 

Definition 3.1.2. For any subset H C S, we say that an element A4 of BrModdd 
is of class H if for all t S we can choose a basis e-r of A^'^ such that is 
generated by u^^ Cr , where 



Definition 3.1.3. We say that an element A4 of BrMod^d is of type J if is an 
extension of an element of class J'^ by an element of class J, and we say that p has 
a model of type J if there is an element of BrMod^d of type J with generic fibre p. 

We will also refer to finite flat group schemes with descent data as being of 
class J or of type J if they correspond to Breuil modules with descent data of this 
kind. The notions of having a model of type J, and having a lift of type J are 
closely related, although not in general equivalent. We will see in section [3?2] that 



Jr = 



{ 



if TO ^ H 
e if r o e H 
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in sufficiently generic cases, if p lias a model of type J then it has a lift of type J, 
and in section [331 we prove a partial converse (see Proposition 13 . 5 . 5p . 

3.2. Strongly divisible modules. In this section we prove that if p has a model 
of type J then it has a lift of type J. We begin by recalling the definition and basic 
properties of strongly divisible modules from |Sav05| . For the purpose of giving 
these definitions we return briefly to the general setting of Kq an unramified finite 
extension of Qp and K a totally tamely ramified Galois extension of i^o of degree 
e, with uniformiser tt, satisfying ■n'^ G M for some subfield M of A'q. 

Let L be a finite extension of Qp with ring of integers Ol and residue field E. 
Let Sk be the ring 

rj-j-y— 1|, Tj € W{k), Tj m_R-adically as j ^ oo > , 

and let Sk,Ol = Ol- Let Fil^ Sk.Ol be the m_R-adic completion of the 

ideal generated by E(uy /jl, j > 1, where E{u) is the minimal polynomial of 
TT over Kq. Let (j> : Sk,Ol ~^ ^k.Ol be the unique i?-linear, T4^(A:)-semilinear ring 
homomorphism with 4'{u) = u^, and let TV be the unique (A:) linear derivation 
such that N{u) — —u (so that Ncj) = pcjyN). One can check that 0(Fil^ Sk.Ol) <^ 
pSk.Ol: and we define 0i : Fil^ Sk.Ol ^ Sk.Ol by 0i = (^Ifiii Sk.o^, )Ip- C'ne can 
check (see section 4 of |Sav05| ) that if / is an ideal of Ol, then /S'if^ci^nFil^ Sk.Ol — 
JFil Sk,Ol- We give Sk an action of G&\{K/M) via ring isomorphisms via the 
usual action on W{k), and by letting g{u) = {g{-K)/iT)u. 

We now define the category O^ — Modcris,dd,Af, the category of strongly divisible 
OL-modules with descent data from K to M . 

Definition 3.2.1. A strongly divisible O^-module with descent data from K to M 
is a finitely generated free S'i^.Oj^ -module A^, together with a sub-S'/f^o^ -module 
M and a map <j) : ^ AA, and additive bijections g : ~* for each 
g e G&\{K / M) , satisfying the following conditions: 

(1) Fil^A^ contains {¥i\^ SK,Or.)M, 

(2) Fil^ MfMM = /Fil^ M for all ideals / in O^, 

(3) (f){sx) — (j){s)(j){x) for s G Sk.Ol and a; G A^, 

(4) (/)(Fil A4) is contained in p^A and generates it over Sk,Ol^ 

(5) g{sx) = g{s)g{x) for all s G Sk.Oli x G M, g e Gal{K/M), 

(6) 91° 92= 9i°~92 for aU 5i, 52 e Gal(K/M), 

(7) 5(Fil^ 7W) C Fil^ X for aU g G Gal(K/M), and 

(8) (j) commutes with g for all g G Gal(iir/M). 

Note that it is not immediately obvious that this definition is equivalent to 
Definition 4.1 of [Sav05| . as we have made no mention of the operator N of loc. 
cit. However, since Ol is finite over Zp, it follows from part (1) of Proposition 
5.1.3 of [BreOOj that any such operator TV is unique. The existence of an operator 
N satisfying all of the conditions of Definition 4.1 of [SavOSj except possibly for 
Oi-linearity follows from the argument at the beginning of section 3.5 of [ Sav05j . 
To check Oi-linearity it is enough (by Zp-linearity) to check that N is compatible 
with the action of the units in Ol, but this is clear from the uniqueness of N. 
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By Proposition 4.13 of |Sav05| (and the remarks immediately preceding it), there 
is a functor T/^^g from the category Ol — Modl^.^g^^^j^.j to the category of GM-stable 
Oi-lattices in representations of Gm which become Barsotti-Tate on restriction to 
Gk- This functor preserves dimensions in the obvious sense. 

Recall also from section 4.1 of |Sav05j ) that there is a functor Tq, compatible 
with Tg*^2i from Ol — Modl^^^ j^^ j^j to BrMod^d^M- The functor Tq is given by 
iM/mLM)(g>k[u]/u''P. 

3.3. Models of type J. We now wish to discuss the relationships between models 
of type J and lifts of type J. With an eye to our future applications, we will often 
make a simplifying assumption. 

Definition 3.3.1. Say that p is J -regular if I/kq ~ WreJ^'r WteJ-'^t'^^ 

for some 2 < 67- < p — 2. 

Suppose now that p has a model of type J. Recall that this means that, with the 
notation of Section 13. 1[ we can write down a Breuil module lA with descent data 
whose generic fibre is p, which is an extension of a Breuil module with descent data 
;8 by a Breuil module with descent data A, where A is of class J and B is of class 
J'^. Let denote the unique extension of V'ikjto ^'^ ^ character of Gal{K / Kq). By 
Theorem 3.5 and Example 3.7 of |Sav08| we see that we can choose bases for A and 
B so that they take the following form: 

Al^ = E[u]/u''P -ui^^Er, 



B^^^E[u]/u^P-l,^ 
Bl' ^ E[u]/u''P -u^'i-^J^^ 



where a, b ^ , the notation {x)i means a; if i = 1 and 1 otherwise, and 

e if Ti+i e J 



We now seek to choose a basis for A4 extending the basis {cr} for A. Such a basis 
will be given by lifting the to elements fr (where we mean lifting under the map 
Ct I— > 0). 

Lemma 3.3.2. Assume that p is J -regular and has a model of type J . Then for 
some choice of basis, we can write 

M^^ ^ E[u]/u''P ■ e,, + E[u]/u''P ■ fr. 

Ml' = E[u]/u'P ■ U^^^Cr, + E[u]/u''P ■ (U^^^^^fr, + Xr^^^ CrJ 

01 (u^"' Cr, ) = (a-i)ie,^^i 
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where € E, with = if n+i ^ J, the in are such that Mi is Galois-stable 
and < in < e — 1, and 

e if n+i e J 
if n+i ^ J. 



Jn = 



Proof. Assume firstly that J ^ S, and choose k so that Tk+i ^ J. One can lift 
/^^ to an element /^^ of ^i(A4'^''-^), and in fact one can choose fr^ so that for all 
g G Ga\{K / Kq) we have 



(the obstruction to doing this is easily checked to vanish, as the degree of K/ Kq is 
prime to p). As A; + 1 ^ J, we have j^^ = 0, so that e^-^ and u^/rj. must generate 
Ml". 

Now, suppose inductively that for some i we have chosen fn and A^^ so that 

A4l^ is generated by u^^iCn and [u'^"^^^ fn + XnU^^^Cn)- Then we put fn+i 

■ Thcn/T-^^j is a lift of /^.^ J , and the commutativity 

of (j)! and the action of Gd\{K / Kq) ensures that 



Then the fact that M\ is Gal(i4r/iiro)-stable ensures that for some \ti+i & E we 
must have that u-^^^+^en+i and {u''~-''^'+^ fn+i + Axi+iw''^*+^ 67-^+1) generate M^''^^, 
and of course if Ti+2 ^ J we can take A^.^^ = 0. 

So, beginning at k we inductively define fn and A^.. for all i, which automatically 
satisfy all the required properties, except that we do not know that 

Mu^~'^''-'fr,.,+K,..y-''-'er,_,) = {h-%-xfr^. 

However, because k+l ^ J, we may replace /^-^ with <pi{u^~-''^i'-^ /rfc_i+'^rfc_iW''^*'-i e^j^_ J/(6~-^)/;_i 
without altering the fact that 

'/'iK/rJ = {b~^)kfTk+i, 

so we are done. 

Suppose now that J = S. Then we may carry out a similar inductive procedure 

starting with ti, and we again define fn and Xn for all i, satisfying all the required 
properties, except that we do not know that 

•^il/r, + XnU^^^'Cn) = fn- 

We wish to redefine fn to be (pi {fn + At^Ct^), and we claim that doing so does not 
affect the relation 

(plifri + Xnu'^^Cn) = bfr,. 
To see this, note that we are modifying fn by a multiple of en which is in the image 
of (f)i, which by considering the action of Gal{K/Ko) must in fact be of the form 
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OvP'^^^Cti , with 9 Cz E and pir^ = mod e. Now, the assumption that p is S'-regular 
means that 1^ = e — ^ 1) = ^ mod p, with 2 < < p — 2. 

Now, if we write pir^ = + me, we see that m = = — 6ti mod p, and since 
2 < 6ri < p-2 we see that to > 2. But then <j)i{euP'-^- er,) = (/)i(6'u'-i+(™-^)'=u'=e^J 
is divisible by and is thus 0, as required. 

□ 

Theorem 3.3.3. Assume that p is J -regular and has a model of type J . Then p 
has a lift of type J, which is potentially ordinary if and only if J — S or J = ^. 

Proof. It suffices to write down an element j of W{E) — Modcris,dd,/<'o such that 
To(A^j) = where M is as in Lemma [3.3.21 (the claim about ordinarity will be 
immediate from the form of Fil^ JV[). We can write Sx,w{e) ^-s ®t^sSk^ and we 
then define 



J = Sk ■ Gr, + Sk ■ fn 




If Ti+i G J, 

Fil^ My = Fil^ Sk ■ My + Sk ■ (./n + A^.^'^^e^J 

+ K^^^er,) = {b-'^),pfr,+. 

If n+i ^ J, 

Fil^ My = Fil^ SK-My +Sk- cr, 

HfrJ = {b-'hfr,^. 

Here a tilde denotes a Teichmiiller lift. 

Firstly we verify that this really is an element of W{E) — Mod;':^j^ ^^^^ . Of 
the properties in Definition I3.2.1[ the only non-obvious points are that Fil^TWj n 
IMj = IFil^Mj for all ideals / of Ol, and that ^(Fil^Xj) is contained in 
pMj and generates it over Sk,w(E)- But these are both straightforward; that 
Fil^Xj n IMj = IFil^Mj follows at once from the definition of Fil^ A^j and 
the corresponding assertion for 5^, and that 0(Fil^ Mj) is contained in pMj and 
generates it over Sk,w(e) follows by inspection. 

It is immediate from the definition of Tq that Tq{Mj) ~ A^. To see that 
T^^2(-^j) is a lift of p of type J, note firstly that the (/)-action shows that the 
determinant is a finite order character times the cyclotomic character. That the 
lift is of type J is then immediate from the form of the Gal(iir/i^ro)-action, and the 
definition of the type associated to a potentially semistable Galois representation 
in terms of the corresponding filtered module (which is obtained from the strongly 
divisible module by inverting p) . 

□ 
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3.4. Breuil modules and Fontaine-LafFaille theory. In this section we relate 
the notion of having a model of type J to that of possessing a certain crystalline 
lift. Suppose as usual that p ~ {^^ and that we can write '4'i\ikq = 11x6 J '^t^ ' 
V'2|/ko = rir^j'^r^ with 2 < br < p — '2 (uote that for a fixed J it is not always 
possible to do this, even after twisting). In this case we define canonical crystalline 
lifts ipijJ-: '02, J of tpi, '02, as in section [21 That is, we demand that ipij(FTohp) is 
the Teichmiiller lift of ipi{FTohp), and that: 

• ipij is crystalline, and the Hodge- Tate weight of ipij with respect to r is 
for if T e J, and if r ^ J. 

• '/'2,j is crystalline, and the Hodge- Tate weight of ip2,j with respect to r is 
br ii T ^ J, and if t G J. 

The main result of this section is 

Proposition 3.4.1. Under the above hypotheses, p has a model of type J if and 
only if p has a lift to a crystalline representation [^q'' 

Proof. The idea of the proof is to express both the condition of having a model of 
type J and the condition of having a crystalline lift of the prescribed type in terms 
of conditions on strongly divisible modules. In fact, we already have a description 
of the general model of type J in terms of Breuil modules with descent data, and 
it is easy to write down the general crystalline representation ' ipl j) terms 
of Fontaine-Laffaille theory. The only difficulty comes in relating the generic fibres 
of the Breuil modules to the generic fibres of the Fontaine-Laffaille modules, as 
the image of the functors describing passage to the generic fibre is in general too 
complicated to describe directly. Fortunately, it is relatively easy to compare the 
two generic fibres we obtain, without explicitly determining either. 

Let M e BrModlj;^^ for some k e [2,p — 1]. There is a contravariant functor T*j 
from BrModJj^^ to the category of i?- representations of Gko given by 

Tst{M) Homfc[„]/„ep ,^ jv,Fii-,Gx/Ko(-^'^'**) 
(where compatibility with Fil' means that the image of Aik-i is contained in 
Ast)- This functor is exact and faithful, and preserves dimension in the 
obvious sense. 

Consider now the objects of BrMod^^^ with trivial descent data (i.e. those for 
which the action of Gk/Kq is trivial) and on which = 0. By Breuil's generalisation 
of Fontaine-Laffaille theory (see |Bre98| ) these objects correspond via T*f. to the 
TT-torsion in crystalline representations with Hodge- Tate weights in [0,p ~ 2]. In 
order to compare the generic fibres of these Galois representations to those of finite 
fiat group schemes with descent data, we need to be able to compare elements of 
BrMod^^ and BrMod^^^. This is straightforward: it is easy to check that there is 
a fully faithful functor from BrMod;^^ to BrMod^^^, given by defining (for Ai £ 
BrMod^rf) Mp-2 := u<P-^^Mu <?!>p-2(u'^^"^^x) = M^) for all x £ Mi, and 
leaving the other structures unchanged. This functor commutes with T*^. 

Because we are now using the functor T*^ rather than T^^, the form of the 
Breuil modules (and in particular their descent data) corresponding to models of 
type J under T*^ is slightly different. Explicitly, we see from Lemma [3.3.21 that p 
has a model of type J if and only if there are 6 E with A,-; = if r^+i ^ J, and 
elements a, 6 G such that p = T*^{M), where 
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M^^ ^ E[u]/u''P ■ e^. + E[u]/u''P ■ fr. 



5(er.) 



n^r'-) (.9)) e.. 

W^J / / 



N{er,) = 



where A,-, e i?, with A^^ = if t^+i ^ J, the are such that is Galois-stable 

and < Vi < e — 1, and 

. _ J e if Ti+i e J 
- \ if r,+i ^ J. 

It is an easy exercise to write down the reductions mod p of the strongly divisible 
modules corresponding to crystalhne representations ('''q"^ ih j)' ^'^'^ obtains the 
following general form: 

AA"' = E[u]/u^P ■ Er, + E[u]/u''P ■ Fr, 

Af^l^ = E[u]/u''P ■ u<=(P-2-fc^,5,,e(r.))£;^^ E[u]/u^P ■ K'=(P-2-f'-/j(n))f^^ 

^p^^iu'^^^-^-'^-^'-'^'-^'^^Er,) - (a-'hEr,^, 

g{ErJ^Er, 
giFrJ^Fr, 

N{Er,) = 

N{Fr,) = 

where A^. G E, with A^. = if t^+i ^ J. We claim that if for each i we have 
(3.4.1) A;,(5), = A;,(a), 

then T*^{A4) = T*^{J\f). This is of course enough to demonstrate the proposition, 
as given any set of A^; (respectively A^.) such that A^-. = (respectively A^. = 0) if 
Ti+i ^ J, we may choose a set of A^. (respectively A^-.) so that p.4.ip holds. 

Assume now that p.4.1|) holds. Note that we may write both M and J\f as 
extensions 

O^M" ^M^M' ^0 
with T:,{M") - T;,(AA") - V2, T* (A^O - T* (A/") - ^1. 
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To prove that T*^{M.) = T*((A/'), we will construct a commutative diagram 
^ M" ^ M ^ M' ^ 




such that each of T;^{fM'), T;^{fj^„) and T;t{fj^,) are isomorphisms. 

Prom the five lemma it then follows that T*^{fj^) and T*^{fj^) are isomorphisms, 
as required. 

In fact, we take 



p-2 



E[u]/u 



where 



5(/;) = ^2,n(5)/; 

7V(e;) = 

r-l 

3=0 

r-l 



Z^2,T.(5) 



1 if Tj G J 

p~''-{g) line J 



1 



if n ^ J 

= (^^ ~ 2 - Sj{Ti)bri)e + pSj{Ti)Pri - <5j(Ti+l)/3n+i 

We then define Jm and /^v/ by 

Wc then define V' to be the submodulc generated by the e^., and V" to be the 
quotient obtained by e'^. i-^ 0. The remaining maps are then defined by the com- 
mutativity of the diagram. 
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The verification that this choice of V ^ Jm and fj\f worlc is then mostly the matter 
of lengthy but straightforward calculation, remembering at all times that if t^+i ^ J 
then = A^. =0, and that we are assuming that (|3.4.ip holds. We sketch the 
non-trivial steps, which are those involving inequalities, as opposed to equalities. 

Firstly, in order that the maps Jm and /a/ be defined, it is necessary that the 
exponents of u in their definition be non-negative. In fact, we have that G J if 
and only if (3^ > if and only if a^-i < 0. To see this, note that from the definition, 
the sign of a-r^ is determined by the sign of the first non-zero term in the sum (this 
uses that 2 < 6,-^ < p — 2). If ^ J then the first term is positive, and thus so 
is the whole sum. If G J then either every term in the sum is zero, or the first 
non-zero term must be negative. A similar analysis applies to the sign of (3^ ■ 

In order to check that 'P^_2 is defined and contains u'^^p~^^V^\ we need to know 
that < Tin, n'^. < e(p — 2), and furthermore that if r^-i-i G J then < 71^ —Pn+i < 
e{p — 2). Firstly, note that by definition (and the fact that 2 < < p — 2 for all 
j) we have 

-e/ip - 1) < ar,, Pr, < e{p - 2)/{p - 1). 
Secondly, by definition one has 

pan - = e{br,5,jc[Ti) - 5,jc{ti+i)), 

pPn - /?r,+i = e{bT,5j{Ti) - 5j{Ti+i)). 
Using these facts, together with the fact that G J if and only if (3^ > if and 
only if an < 0, one easily checks each of these inequalities case by case (that is, in 
each of the 4 possibilities as to whether n, n+i is in J or J'^). 

Finally, in order that N{f'^ ) be defined, we need to check that if G J then 
Vi > Q^Ti+i- But if Ti G J then v. — a^^^ — e ~ Pn^^ > 0, as required. □ 

3.5. Weights and types. We recall some definitions and results from [Dia05| . 

i>2 ' 



Fix, as ever, p ^ { ^q )■ We make the following definitions: 



Definition 3.5.1. A weight cr- g is compatible with p (via J) if and only if there 
exists a subset J G S" so that 



V'li/^o = n n V'2i/^„ = n <^ n 



res tEJ tSS t^J 

Suppose that these equations hold. We define 

bn ~ if Ti G J 



p - for, " 6j{Ti+i) if Ti ^ J 

where 5j is the characteristic function of ,/. Define a character g / by 



^s.bj = n n ^^-^ 

Ties Ti^j 



Then we define a representation g ^ of GL2(A:) and a type g ^ by 
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Note that if p is compatible with ct- g, then a lift of type J is precisely a lift of type 

^a,b, J' 

Proposition 3.5.2. Suppose that cr- j is regular. If p is compatible with cr- j via J , 
then p is compatible with precisely one of the Jordan-Holder factors of the reduction 
mod p of J, and that factor is isomorphic to cr- g. 

Proof. We use the explicit computations of [Dia05| . Firstly, note that reduction 
mod p and the notion of compatibility both commute with twisting, so we may 
replace p by p®xZ\ By Proposition 1.1 of IDiaOSI . we have r , ~ ©kcso"- ? 
where ax and bK are defined as follows: 



if r, e if 

Ct, + SKin+i) ifn ^ K 



Ct, + SKin+l) if Ti £ X 

p- Cn - ^Kin+i) i^n^K 

By the definition of the Cr, we see at once that ct- r = ct- r, and in fact 

res reJ res T^J 

If p is compatible with another Jordan-Holder factor, there are subsets J', K' C 
S, J' ^ J such that 

^iUko = n -^^'^'^ n -u^^r-"- n -'"^ 

tSS reJ res reK' 

Hi.. = n -^^''-^ n = n-^""'^ n 

res T^,7 res T^K' 

Using the formulae above, the first equation simplifies to 

Ties Tie(J'n/f')u(J"=nK"=) Ti+iS-ff'nJ": 

By the assumption that ct- g is regular, we have 1 < < p — 2 and 2 < c^ + 
5j{Ti^i) < p — 2 for each i. Then we see that we can equate the exponents of 
on each side of each equation, and we easily obtain (J' n K') U {J"^ Pi K"^) — S, 
whence J' = K' . But then the equation becomes 

n ^i^^^'^'^ - n ^rf'^^'^'K 

whence J = J', a contradiction. □ 

Remark 3.5.3. Note that it follows from the formulae in the proof of Proposition 
13. 5. 21 that if ct- g is regular, then all the Jordan- Holder factors of the reduction mod 
p of /- g J are weakly regular. 

Proposition 3.5.4. Let 9i, 62 be two tamely ramified characters of Ik. which 
extend to Gkq- If P has a potentially Barsotti-Tate lift (with determinant equal to a 
finite order character times the p-adic cyclotomic character) of type 61 (BO2, where 
9i , 02 are tame characters of Ikq which extend to Gkq , then p is compatible with 
some weight occurring in the mod p reduction of I{9i,92). 
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Proof. This follows easily from consideration of the possible Breuil modules corre- 
sponding to the TTL-torsion in the p-divisible group of such a lift (where the cor- 
responding Galois representation is valued in O^, and tt^ is a uniformiser of Ol)- 
The case 9i — 62 is easy, so from now on we assume that 9i ^02- The 7r-torsion 
must contain a closed sub-group-scheme (with descent data) with generic fibre "01 • 
Suppose that this group scheme corresponds to a Breuil module with descent data 
M. Then we can choose a basis so that takes the following form: 

= E[u]/u''P ■ Xr, 

Ml' = E[u]/u''P ■u''-xr, 
gixrj = 0\g)xr, 

Here < < e is an integer. Now, by Proposition B.3.1 of [CDT99| . because 
the lift is of type © ^2, for each i we must have 9^ = 9i or 6*2 (here and below we 
denote the reduction mod p of the Oi by the same symbol). Define subsets Y , Z hy 

Y = {ne S\e' 7^ 0^+1}, 

Z^{n^S\9' = 61}. 
Because 9i ^ 92, li i ^ Y then the compatibility of the and G&\{K / K^)- 
actions determines uniquely, and if i G Y'^ then wc can take either = or 
Ti = e. Having written down all possible M, we now need to determine their 
generic fibres. This is a straightforward calculation using Example 3.7 of [SavOS]. 
Without loss of generality, we may twist and assume that 61 = Yir-es ^2 = 1, 
with < Ci < p — 1 . Then one easily obtains 

ri€{V\ri=e} TiGYnZ 

where 

r if Ti ^ Z 

mi = < „_i .,. „ 

1^ Ci + pCr + ■ ■ ■ + p C2 it Ti e Z 
ni = i P"'Kp'Cl+p'+^Cr + ---+C, + ---+p'-^C2)~-^ P"'Hp'ci+f+^Cr + - ■■ + €, + ■ --+^-^02) 

Ti^YnZ" TieYnz 
Now, consider the coefficient of ci in The sets Y D Z'^ and Y D Z have equal 
cardinality, so this coefRcient is in fact zero. Thus the coefficient of ci in toi + ni 
is 1 if Ti e Z, and otherwise. By cyclic symmetry, we obtain 

V'iI/ko = n n 

where 

X ^ {neY^\n = e}u{YnZ) 

We wish to show that p is compatible with some weight in the reduction mod p 
of I{9i, 62). It is easy to check that the determinant of p is correct, so it suffices to 
examine V'l ; in the notation of Proposition I3.5.2i we see that p is compatible with 
(7- r via L if and only if 
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(note that our convention that 62 — ^ causes K'^ to appear in this formula rather 
than K). 

The resuh now follows upon taking, for example, 

K = {r, e Z|t,_i iX]\J {r,; £ Z"|t,;_i e X] 

and 

L = {r,|r,_i G X}. 

□ 

Proposition 3.5.5. Suppose that g is regular. If p is compatible with ct- wm 
J, anrf p has a lift of type J , then p has a model of type J. 

Proof. This follows from similar considerations to those involved in the proof of 
Proposition 13. 5. ¥1 Consider the Tr^-torsion in the p-divisible group corresponding 
to the lift of type J. It contains a closed sub-group-scheme (with descent data) with 
generic fibre ipi. Suppose that this group scheme corresponds to a Breuil module 
with descent data M. Then we can choose a basis so that M takes the following 
form: 



M^^ = E[u]/u''P ■ Xr, 
Ml' ^ E[u]/u''P ■u''-Xr, 

g{Xri) = 0\g)Xr, 

Again, by Proposition B.3.1 of |CDT99| and the definition of a lift of type J, for 
each i we must have 0^ = 9i or 9^ = 62 where 

^1= n^^n^^'"' 

res tEJ 

n 

reS reJ" 

Note that ipi — 61 rir es^^i'*^^'^^^- Without loss of generality, we can twist so that 
9i — rir eS ^n' ^2 = I7 with < Ci < p — 1. Then we obtain 

Since < Cj < p — 1 and 2 < 6^. < p — 2, we obtain 

- Sjin+i) if G J 



p-br^- Sj{n+i ) \ini^ J 

Note that this implies that 2 < q + (5,/(ri-|_i) < p — 2. Now, using the same 
definitions of X, y and Z as in the proof of Proposition 13.5.41 we can compare the 
two expressions we have for -01 to obtain 

n = n n 



Since 2 < -I- 6j{Ti+i) < p — 2, this gives Z — S, and X — {nlTi+i e J}. Since 
Z = S*, we have F = 0, and thus the fact that X — {Ti\Ti+i G J} means that A4 is 
in fact of class J. It is then clear that the TTL-torsion is a model of p of type J, as 
required. 
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□ 



4. Local analysis - the irreducible case 

We now prove the analogues of some of the results of section [3] in the case where 
p is irreducible. 

We assume that p is irreducible from now on. In addition to the assumptions 
made at the beginning of section [3l we now also assume that Fp2 c where 
p : Gkq — *■ GL2(-E'). Let k' be the (unique) quadratic extension of k. 

Label the embeddings k' Fp as S' — {<Ji}, < i < 2r — 1, so that (Ji+i = 
(Tj o and ai\k = T^(i), where tt : Z/2rZ Z/rZ is the natural surjection. For 
simplicity of notation we will sometimes refer to the elements of S' as elements of 
Z/2rZ, and the elements of S as elements of Z/rZ. 

Recall that we say that a subset iJ C 5" is a full subset if | = \tt{H)\ = r. 

Definition 4.0.6. We say that p is compatible with a weight a^^ (via J) if there 
exists a full subset J C S' such that 

where we write a^r, ba- for a^^^.): &7r((T) respectively. 

Note that the predicted set of weights W{'p) is just the set of compatible weights; 
this is one way in which the irreducible case is simpler than the reducible one. 

Given a regular weight cr- g and a full subset J C S", we wish to define a repre- 
sentation and a type. Let Kj = 7r( J n {1, . . . , r}). Then let 

b^ + SKJ{l)-l iiO = ieKj 

P-6. + <5k,(1) - 1 ifO = iiKj 

p-b,-SK,{i + l) ifO^i^K; 



Define a character 



Then we define 



\ i=l 



a.b,J 

i=l 



Proposition 4.0.7. Recall that cr- g is regular. If p is compatible with cr- g via J, 
then p is compatible with precisely one of the Jordan- Holder factors of the reduction 
mod p of I'^-^ J, and that factor is isomorphic to cr- 

Proof. We may twist and assume without loss of generality that ip^i^j — 1 ■ Then by 
Proposition 1.3 of [Dia05| (note here that Diamond's conventions on the numbering 
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of the elements of S' are the opposite of our's, so that his ct; is our (7_i), the Jordan- 
Holder factors of the reduction mod n of /I - are {ct- r j^rs, where 

if = i e X 
if = i ^ iv: 




1K- 



c, + 1-(5k(1) ifO = ieA' 

P-c,+5k{1)~1 liQ^iiK 

From the definition of the c, and of V'- r we have ct- r = cr- r- Suppose that 
p is compatible with a- g via J'. Then, replacing J' by (J')*^ if necessary, we 
must have 

ieS' ieJ ies' ig./' 

Using the formulae above, this becomes 

(4.0.1) = c^fr'^^'^^'r'^'^^'^ n -^'"'^^■''^ n -'r""'"^''^'''\ 

where 

T; = (J n 7r-i(Xj)) U [r n 7r-i(X})) = {!,..., r}, 

T' = (J' n 7r-i(i^')) u ((./')' n 7r-i((X')')), 
. r 1-(5a',(« + 1) if^eTj 



l-6K'{i + l) iiier 
SK'{i + l) ifz^r. 
Note that (since cr- g is regular) all the exponents on the right hand side of (j4.0.ip 
are in the range [0,p — 1]. On the left hand side, this is true except possibly for 
the exponents of Wo-q, ^a-r- Since Tj = {1, . . . ,r}, it is easy to see that the only 
opportunity for this not to hold is for the exponent of Wo-q to be p on the left hand 
side and on the right hand side. However, in order for the exponent of Ucrg to be 
p on the left hand side we require cq = p — 2, which requires that 1 G Kj. But then 
the exponent of coa-o on the right hand side is 1, a contradiction. 

Thus we may equate exponents on each side of ()4.0.ip . In particular, if z ^ 0, we 
have (again because ct- g is regular) a + 5k ,, (« + 1) G [2, p — 2] , so that we must have 
{1, . . . , r - 1} C T'. We also have cq e [l.p- 2]. If G T', we see that the exponent 
of Wcro on the left hand side of (|4.0.ip is cq + 1 + 5j'n(/f')'^ (1) = cq + 1 (because 
1 G r'), which is at least 2. However the exponent of ujcm on the right hand side of 
(|4.0.ip is or 1, as ^ Tj, which is a contradiction. Thus T' = Tj = {1, . . . , r}. 
Then (|4.0.ip simplifies to 



UJo 
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whence K' — Kj, as required. □ 

Remark 4.0.8. Note that it follows easily from the formulae in the proof of Propo- 
sition l¥!U77l that if tr- g is regular, then all the Jordan-Holder factors of the reduction 
mod p of /I - ^ are weakly regular. 

Theorem 4.0.9. Assume that cr- g is regular and that p is compatible with cr- g via 
J. Then p has a lift of type ''"Igjj ond this lift is not potentially ordinary. 

Proof. A simple computation shows that we in fact have 



- n n ® n n 

res creJ res a(fj 



This means that we only need to make a very minor modification to the proof of 
Theorem[33H Let K^^ = W{k')[l/p]. Fix tt' = (-p)^/^^"'"^) , and let K' = K!){tt'). 
Let be the nontrivial element of Ga\{K' / Kg) which fixes tt'. It is clear from the 
proof of Theorem 13.3.31 that for some choice of a € W{E)^ the following object of 
W{E) — Modlj.^g^^^j(^ provides us with the required lift. 

My = Sk ■ e.. + Sk ■ /a. 
94,{fa,) = e^i^. 

If 5 e Gal{K'/K^), 

9ie..)^((l[^^r^l[^'/-A (5)) e.. 

WtES crGJ / / 



If cr^+i G J, 



If (Ti+l ^ J, 



Fil^ My = Fil' • My + Sk ■ fa, 

Fil^ TWy = Fil^ Sk ■ My + S'/^ • e^. 
Here the notation {x)[ means x if ?' = r + 1 and 1 otherwise. 



□ 
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5. Global Results 

5.1. We now show how the local results obtained in the previous sections can be 
combined with lifting theorems to prove results about the possible weights of mod 
p Hilbert modular forms. Firstly, we show that if p is modular of some regular 
weight, then p is compatible with that weight, by making use of Lemma 12.1.31 and 
Proposition l3 . 5.4] We then turn this analysis around. We take a conjectural regular 
weight a for p, and using modularity lifting theorems we produce a modular lift 
of p of a specific type, which is enough to prove that p is modular of weight a by 
Propositions [3X2l and [40Jl 

Assume now that is a totally real field in which p > 2 is unramified, and that 
p : Gp — > GL2{E) is a continuous representation, known to be modular, where E 
is a finite extension of Fp. 

Let Wij)) be the conjectural set of Serre weights for p, as defined in Section [51 
Recall that the elements of W(jj) are just the tensor products of elements of Wi,(p), 
for wjp, and that such elements arc of the form cr- jj, as described above. We say 
that a weight is (weakly) regular if and only if it is a tensor product of (weakly) 
regular weights. 

The following argument is based on an argument of Michael Schein (c.f. Propo- 
sition 5.11 of [Sch08| ). and is due to him in the case that p|gj7„ is irreducible. 

Lemma 5.1.1. Suppose that p > 5, that p is modular of weight a — 'SiyCrZ^, and 
that a is weakly regular. Then for each v, either ])\gp^ is compatible with crZj^, or 
crZ is not regular, and'p\Qp^ is not compatible with any regular weight. 

Proof. Suppose firstly that p\gf^ is reducible. We will assume for the rest of this 
section that Fy ^ Qp; the argument needed when F = Qp is slightly different, 
although much simpler, and the result follows from Lemma 4.4.6 of |Gee08j . Then 
for any nontrivial type r = Xi®X2 (with xii X2 tame characters oi Ip^ which extend 
to Gf„) such that aZ g occurs in the reduction of /(xi, X2), it follows from Lemma 
12.1.31 and Proposition 13.5.41 that there must be a weight cr g in the reduction of 

/(Xi,X2) which is compatible with p|gf„- Since we are working purely locally, we 
return to the notation of section [3.51 

Twisting, we may without loss of generality suppose that = for all t. By 
Proposition 1.1 of [DiaOSj (and the fact that a is weakly regular) there is for each 

J C 5 a unique pair of characters Otss '^'^^ ' HreS '^'^^ (with < c:;?, d;^ < p — 1) 
such that if we define 

a'^ = / ( 1, w'^H ® ]^ cOr' o det 
\ res J res 

then, with the same notation for reductions as in |Dia05| , extended to be compatible 
with twisting, aj ~ ct- j^. Then there must (by the argument above) be some subset 
Kj C S, such that aj^^ is compatible with p. If ct^^ ~ '^'"i- ^^^^ means that 
there must be a subset Lj C S such that 

res tGLj 
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By Proposition 1.1 of |Dia05| . this is equal to 

11 11 '^n 

TiGS TiSLjnifj Tie(Ljni<:j)u(L}nK5) 

Now, since aj ~ ct- j;, we have 

TT TT 1 

Wr, _[_[ = [I Wr, = 1, 

Ties Ti^J TiGS 

by the assumption that a-r — for aU r, so that in fact 

Since CTj ~ Ug. we have 

^ f ^T, - Sj{Ti+i) if Tj e J 

P - fer, - Sj(Ti+i) if Tj ^ J 



Substituting, we see that 



/ I TT b-r TT "t /njci l,T^i+i;-OT'jnj<:(,T^i + iJ -i-r 

TiG{TjnJ)u{T]nJ'=) ri£S neTj 

where we write Tj = {Kj n Lj) U (i^} n i}). 
Putting J = 5, we obtain 

V'iI/a-0 = 11 '^n 11 ^r, ^ 11 Wn 

(5.1.1) = n n 

-TiGTs nGT| 

Now, suppose that cr- is not compatible with p, so that for all J we have 
Kj ^ J. We can uniquely write 

^i\iko = n 

with < Ct-. < p — 1 not all equal to p — 1 (in fact, an examination of the product 
just written shows that the exponents are already in this range). Examining the 
formula just established, we see that after possibly exchanging tpi and tp2 (which 
we can do, as the definition of "compatible" is unchanged by this exchange), there 
must be some j such that 6^^ 7^ I7 and Crj = br^ — I (else p would be compatible 
with cr- j). 

Now take J = {tj}, so that 

WIko = 11 t^r.' 11 Wr. ' ' 

ne(T{,^.}n{r,})u(T-^^jn{r,}<=) neS 

(5.1.2) 
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It is easy to see that the exponent of in this product is always between and 
p — 1, unless i=j — loTi = j. If the exponent is always between and p — 1, 
then we have a contradiction, because we already know that Ct, = &r — 1, but from 
(|5.1.2p we see that the exponent of ujrj can only be 0, 6^^ or +1. 

So, at least one of the exponents of Wtj_i and LOrj niust be —1 or p. We now 
analyse when this can occur. It's easy to see that the exponent of uj-rj is —1 if and 
only if Tj ^ T'{tj} a-nd Tj+i G ^{t-} ^ -^{^j}' P only if b^j = p — 1, 

Tj e T^T-.y and Tj+i £ -^{r } Similarly, the exponent of Wtj is —1 if and 

only if Tj_i G T'{tj} and Tj G ^{t } ^ ^{r }' P only if ferj_i = P ^ 1, 

'Tj-i e ^{r,} and e L{^^} n K^^^y 

Suppose now that the exponent of corj in (|5.1.2p is —1. If we multiply each of 
the expressions (|5.1.ip . (|5.1.2[) by Wr^, write each side as a product W^-i^r^ with 
Q < tLt < p — 1 and equate coefhcients of ujrj in the resulting expression, we see 
obtain 6t-^. = or 1 (the second case only a possibility when the exponent of i^tj_i 
in (|5.1.2p is p), a contradiction. 

Suppose that the exponent of lOt- in (|5.1.2p is p. Then we again easily see that 
p — 2 = brj — 1 = or 1, which is a contradiction, as we assume p > 5. 

Suppose that the exponent of Wrj_i in (|5.1.2p is p. Then in the same fashion we 
obtain br^ — 1=0, 1, br^, br^ + 1 or br^ + 2. The only possibility is that b^-j = 2, 
when we in addition (in order that the necessary carrying should occur) require 
that bn ~ p — 1 for all i ^ j. 

Finally, suppose that the exponent of w-r _i in (|5.1.2p is —1. Multiply each of 
(|5.1.ip . (|5.1.2p by Wtj_i • Then we see that the only way for equality to hold is again 
if — p ^ 1 for all i ^ j. 

So, we have deduced that b^ = p — 1 for all i ^ j, so that cr- is certainly not 
regular. It now remains to show that p is not compatible with any regular weight. 
Examining the above argument, we see that we have in fact deduced that (again, 
after possibly exchanging ipi, 1P2) 

with 2 < ^ < P - 1- 

If p is compatible with some regular weight, then we have by definition that 

V'ii/KV'2i7i=n<^ n ^-""^ 

for some J C S and 2 < n,- < p — 2. Substituting, we obtain 

If Tj G J then we can immediately equate coefficients of Wtj_i and deduce a con- 
tradiction. If not, then because n,-^ + br^ < 2p we see that we can still equate 
coefficients of Wtj„i to obtain a contradiction. 

The proof in the irreducible case is very similar, and rather simpler, as less "car- 
rying" is possible. In fact, the argument gives the stronger result that p|gf„ 
compatible with aZ for all u. A proof is given in the proof of Proposition 5.11 of 
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[Sch08| : note that |Sch08j works in the setting of |BDJ05j (using indefinite quater- 
nion algebras), but the proof of Proposition 5.11 is purely local (using Raynaud's 
theory of finite flat group schemes of type {p, . . . ,p) in place of the Breuil module 
calculations used in this paper), and applies equally well in our setting. □ 

Theorem 5.1.2. //p is modular of weight a, and a is regular, then a £ W{ji). 

Proof. Suppose that a = ®vO'Zp so that we need to show that o"- g G W^(p) for 
all v\p. By Lemma I5.1.1[ aZ ^ is compatible with p|gf„j '^i^ ^^Y- If pIgf^ is 
irreducible, we are done, so assume that it is reducible. By Lemma |2.1.3[ p|gf, 
a lift to a potentially Barsotti-Tate representation of type j. By definition, this 
is a lift of type J. By Proposition 13.5.51 p|gf„ has a model of type J. Twisting, 
we may without loss of generality suppose that each a,- = 0. Then by Proposition 
13.4.11 and the definition of W^(p), we see that o"!! g £ W^(p), as required. 

□ 

Theorem 5.1.3. //cr G Wijii) is a regular weight, and a is non- ordinary, then]} is 
modular of weight a. If cr E Wlp) is regular, and a is partially ordinary of type I 
and p has a partially ordinary modular lift of type I then p is modular of weight a. 

Proof. Suppose that a = ®yaZ p so that cr" g £ Wv{'p) for all v\p. Firstly, we note 
that (by the definition of Wvip)) aZ g is compatible with p|gf„ i Jv, say. 

Consider firstly the case where p|gf„ i^ reducible. We claim that p|gf^, 
a model of type Jv To see this, we may twist, and without loss of generality 
suppose that — Q for all t, so that p|gf„ (t)^ ^3)1 with ^i|/f„ — DrGJ^'^T^' 
V'2|/f„ = nT^j„ ^t"- Now, by Proposition l3.4.1l fand the definition of W^(p„)) p|gf„ 
has a model of type as required. Then Theorem 13.3.31 shows that p|gf„ has a 
potentially Barsotti-Tate deformation of type g j . 

If p|gf„ is irreducible, then Theorem 14.0.91 shows that shows that p|gf„ has a 
potentially Barsotti-Tate deformation of type tZ^ j ■ 

By Corollary 3.1.7 of [GeeOSj there is a modular hft p: Gp ~^ W{E) of p which 
is potentially Barsotti-Tate of type t- g j for each v\p for which p|gf„ is reducible, 
and of type t1 ^ for each v\p for which p|gf„ i^ irreducible. Then by Lemma r2.1.31 
p is modular of weight a' for some Jordan-Holder constituent a' of the reduction 
modulop ofi^yl-u, where /„ — j if pIgf„ i^ reducible, and ly = IZ^ j otherwise. 
The result then follows from Propositions 13 . 5 .21 and l4!077l Remarks 13. 5. 31 and 14. 0.8) 
and Lemma l5. 1.11 

□ 
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